Abhyankar and Moh in their fundamental paper on the embeddings of the line in the plane proved an important inequality which can be stated in terms of the semigroup associated with the branch at infinity of a plane algebraic curve. In this note we study the semigroups of integers satisfying the Abhyankar-Moh inequality and give a simple proof of the Abhyankar-Moh embedding theorem.
(G3) n h−1 b h < n 2 .
Our aim is to prove the following Theorem 1 Let G be an Abhyankar-Moh semigroup of degree n > 1 and let c be the conductor of G, that is the smallest element of G such that all integers bigger than or equal to it are in G. Then c ≤ (n − 1)(n − 2). If b 0 = n, b 1 , . . . , b h is the n-minimal sequence of generators of G then c = (n − 1)(n − 2) if and only if b k = n 2 e k−1 − e k for k ∈ {1, . . . , h}.
Proof. Let δ 0 = n and δ k = n 2 e k−1 − b k for k ∈ {1, . . . , h}. We have
(n k − 1)e k − e 0 + 1 = 0 with equality if and only if δ k = e k for k ∈ {0, . . . , h}.
On the other hand
, Proposition 1.5, 4. Therefore c ≤ (n − 1)(n − 2) since γ ≥ 0 and c = (n − 1)(n − 2) if and only if γ = 0 which is equivalent to δ k = e k that is
Let n > 1 be an integer. A sequence of integers e 0 , . . . , e h will be called a sequence of divisors of n if e k divides e k−1 for k ∈ {1, . . . , h} and n = e 0 > e 1 > · · · > e h−1 > e h = 1. Now, we can give a simple description of the Abhyankar-Moh semigroups of degree n > 1 with c = (n − 1)(n − 2). For any sequence of divisors e 0 , e 1 , . . . , e h of n, we put
Using Theorem 1 we check easily
Property 2 A semigroup G is an Abhyankar-Moh semigroup of degree n > 1 with c = (n − 1)(n − 2) if and only if G = G(e 0 , . . . , e h ) where n = e 0 , e 1 , . . . , e h is a sequence of divisors of n.
Here is another application of Theorem 1
Property 3 Let G be an Abhyankar-Moh semigroup of degree n > 1 with c = (n − 1)(n − 2) and let n ′ = min(G\{0}). Then gcd(n, n ′ ) = n − n ′ . In particular, n − n ′ divides n.
Proof. Let b 0 = n, b 1 , . . . , b h be the n-minimal sequence of generators of G. The sequence e k−1 b k , k ∈ {1, . . . , h} being increasing we get that e 0 b 1 ≤ e h−1 b h < n 2 , that is b 1 < n. Consequently b 1 is the smallest term of the sequence b 0 , b 1 , . . . , b h and n ′ = min(G\{0}) = b 1 . By the second part of Theorem 1 b 1 = e 1 (n 1 − 1) = n − e 1 and the property follows.
Property 4 Let G be an Abhyankar-Moh semigroup of degree n with c = (n − 1)(n − 2) and let β 0 , β 1 , . . . , β g be the minimal system of generators of the semigroup G.
where ǫ k = gcd β 0 , β 1 , . . . , β k for k ∈ {0, . . . , g}.
Proof. The conditions (G1) and (G2) imply that n ≤ β 1 and n ≡ 0 (mod β 0 ) if n < β 1 . We claim that if n = β 1 then n = 2β 0 . Indeed, if n = β 1 then n = aβ 0 for an integer a > 0 and n = b(n − β 0 ) for an integer b > 0 by Property 3. Thus we get a = (a − 1)b which implies a = 2. The second part of the property follows from [GB-P], Proposition 1.5, 3.
Remark 5 Suppose that the sequence b 0 = n, . . . , b 1 , . . . , b h satisfies the conditions (G1), (G2) and (G3). Then the sequence of positive integers δ 0 =
. . , h}, has the following properties (i) The sequence of divisors gcd(δ 0 , . . . , δ k ) = e k , k ∈ {1, . . . , h}, is strictly decreasing, e h = 1.
(ii) δ 1 < δ 0 and δ k < n k−1 δ k−1 for k ∈ {2, . . . , h}, where
In contrast to the property n k b k ∈ Nn + · · · + Nb k−1 of the sequences b 0 , . . . , b h satisfying the conditions (G1) and (G2), in general, the condition n k δ k ∈ Nn + · · · + Nδ k−1 fails. For example (b 0 , b 1 , b 2 ) = (6, 2, 17) is an Abhyankar-Moh sequence with the corresponding sequence (δ 0 , δ 1 , δ 2 ) = (6, 4, 1) but n 2 δ 2 = 2 ∈ Nδ 0 + Nδ 1 = N6 + N4.
Abhyankar-Moh Embedding Line Theorem ([GB-P], Theorem 6.6).
Assume that C is a rational projective irreducible curve of degree n > 1 with one branch at infinity and such that the center of the branch at infinity O is the unique singular point of C. Suppose that C is permissible and let n ′ be the multiplicity of C at O. Then n − n ′ divides n.
Proof. It follows from [GB-P], Theorem 6.4 that Γ O is an AbhyankarMoh semigroup of degree n. Let c be the conductor of the semigroup Γ O . Using the Noether formula for the genus of projective plane curve we get c = (n − 1)(n − 2). Then the theorem follows from Property 3.
